We introduce a new method of investigating qutrit nonclassicality by translating qutrit operators to symmetric two-qubit operators. We show that this procedure partially resolves the discrepancy between maximal qutrit entanglement and maximal nonclassicality of qutrit correlations. Namely we express Bell operators corresponding to qutrit Bell inequalities in terms of symmetric two-qubit operators, and analyze the maximal quantum violation of a given Bell inequality from the qubit perspective. As an example we show that the two-qutrit CGLMP(Collins-Gisin-Linden-MassarPopescu) Bell inequality can be seen as a combination of Mermin's and CHSH (Clauser-HorneShimony-Holt) qubit Bell inequalities, and therefore the optimal state violating this combination differs from the one which corresponds to the maximally entangled state of two qutrits. In addition, we discuss the same problem for a three qutrit inequality. We also demonstrate that the maximal quantum violation of the CGLMP inequality follows from complementarity of correlations.
Quantum entanglement and nonclassicality of quantum correlations seemed to appear as two sides of the same coin. However some discrepancies from this picture were found. Firstly, it was shown that there exist weakly entangled states that do not give rise to nonclassical correlations [1] . Further it turned out that twoand three-qutrit states reveal maximal nonclassicality for non-maximally entangled states [2] [3] [4] [5] . In the first case the discrepancy between nonclassicality of correlations and entanglement was reduced by showing, that any bipartite entangled state gives rise to nonclassical correlations, if properly extended by attaching a classically correlated state [6] . In the second case the discrepancy has been questioned by suggesting that the maximal violation of an optimal Bell inequality is not a proper measure of maximal nonclassicality [7] . In this work we show that the last discrepancy disappears if we translate optimal quantum correlations of qutrits into a qubit representation. For this aim we introduce a new way of analyzing maximal quantum violation of Bell inequalities by many qutrit states. Namely, we represent the optimal qutrit measurement operators by means of symmetric two-qubit operators.
Nonclassical nature of quantum correlations in the case of two three-level systems (qutrits) was firstly demonstrated numerically by Kaszlikowski et. al [8] . However the first analytical form of a Bell inequality for qutrit states was found a few years later by Collins et. al. In [2] they proposed a set of Bell inequalities (called further CGLMP inequalities) for bipartite correlations, with * marcin.1.markiewicz@uj.edu.pl two settings per observer and arbitrary number d of outcomes, which are violated by quantum d-level systems. A little bit later a paradoxical nature of two-qutrit nonclassicality has been revealed: although the CGLMP inequalities are optimal [9] , they are maximally violated by non-maximally entangled two-qutrit states [10] . What is more, the discrepancy between the CGLMP violation for maximally and non-maximally entangled states increases with the system's dimension [10, 11] . Further a similar effect was found in the case of three qutrits, namely Acin et. al. [3] found a generalization of a CGLMP inequality to a three-qutrit case, which is tight and maximally violated by a non-maximally entangled state. Although this discrepancy between maximal nonclassicality and maximal entanglement has been thoroughly studied from the geometrical perspective [7, 12] , it is still lacking a deeper understanding.
In this work we present a new approach to the analysis of a qutrit nonclassicality -namely we analyse the form of the Bell operator [13] corresponding to the qutrit Bell inequalities in two different local operator bases, completely different from the ones used in [11] : the spin-1 basis in 3-dimensional representation [14] and the spin-1 basis in 4-dimensional representation, which corresponds to the symmetric subspace of two qubits [15] . Expressing qutrit Bell operators in the local bases of symmetrictwo-qubit operators allows for translating the analysis of a maximal qutrit nonclassicality to the analysis of many qubit nonclassicality -the topic, which is much more understood and intuitive. Using this method we show that the CGLMP Bell operator in the four-qubit symmetric subspace is a composition of correlations corresponding to CHSH [16] and Mermin's [17] inequalities, therefore the optimal state for its violation is a superposition of states maximizing violations of CHSH and Mermin inequalities respectively, that is a superposition of two two-qubit Bell states and the four qubit GHZ state. The maximally entangled state of two qutrits in the four qubit representation is also of this form, however with slightly different superposition coefficients. Moreover using the four-qubit representation we show, that the maximal quantum violation of the CGLMP inequality (known as the Tsirelson's bound) can be derived from the complementarity of quantum correlations -the property, which was previously known only for correlations between many qubits [18] . Further we analyze the maximal violation of a three-qutrit inequality [3] from the perspective of its corresponding six-qubit Bell operator. We found a similar structure of maximally nonclassical states for this inequality, however the form of the inequality itself is much more complicated in this case.
II. SINGLE QUTRIT OPERATORS AS SYMMETRIC TWO-QUBIT OPERATORS
The linear space of qutrit operators, that is the space of matrices from M 9 (C) has the same (complex) dimension of 9 as the space of symmetric two-qubit operators, namely the operators from Sym(M 2 (C) ⊗ M 2 (C)). This shows, that the two spaces are isomorphic, and their elements are in one-to-one correspondence. This is a well known fact which is commonly used in the quantum theory of angular momentum. To get a deeper understanding of the isomorphism, let us proceed within a physically motivated approach. When discussing the operators of some quantum system, one is often interested in expressing them in an Hermitian operator basis. For finite dimensional quantum systems such a canonical Hermitian basis is the one consisting of Gell-Mann matrices [19] Hermitian generators of the special unitary group SU(N ), extended by the identity matrix. It turns out that in the case of qutrits, each Gell-Mann matrix can be expressed in more convenient way as a function of spin-1 matricesS x ,S y ,S z , its squaresS 2 x ,S 2 y ,S 2 z , and anticommutators {S x ,S y }, {S y ,S z }, {S x ,S z } [19] , [20] (from now on we will denote any qutrit operators and states with a tilde, to distinguish them from the qubit ones). The relation between Gell-Mann matrices and spin operators can be reversed, and one can get Hermitian basis consisting of spin-1 operators [15]S x ,S y ,S z , shifted squares of the spin operators:
and all possible anticommutators:
Note that the spin basis is not unique -one can take asS x ,S y ,S z any set of Hermitian matrices fulfilling the spin commutation relations [S x ,S y ] = iS z (and cyclic permutations of x, y, z). Two typical choices, to which we further refer are:
and:
For the sake of convenience let us rename the spin basis elements as follows:
Then any n-qutrit operatorB ∈ M 3 (C) ⊗n can be decomposed into a tensor form, by finding its coefficients in the product spin basis (5) as follows:
where the denominator compensates the fact that the trace norms of the basis elements may be different. However, the spin-1 operators can be represented in another way, which comes from the composition of two spin-half systems. From the point of view of the (non-relativistic) symmetries of a physical system, the spin of a particle determines how its state vector reacts on rotations of the physical space R 3 , or saying more mathematically -under which representation of the rotation group the state transforms. If we compose two particles of spinhalf, therefore each transforming under rotation as a two-dimensional spinor, the state space of the composite system contains two invariant subspaces with respect to three dimensional rotations: the fully symmetric space (of complex dimension 3), the vectors of which transform under rotations as if they correspond to spin-1 particle, and the invariant one dimensional subspace spanned by the singlet state. From the composition rule for generators of the tensor product of arbitrary transformations, it follows that the effective spin-1 operators acting on the symmetric subspace of two-qubits have the following direct-sum form:
where X, Y, Z are standard qubit Pauli matrices (or their unitarily rotated equivalents), and δ i is a shorthand notation analogous to (5) . The other spin-1 basis operators (1)- (2) are transformed as follows:
where we used the standard notation |Φ − , |Φ + , |Ψ + for the symmetric Bell states of two qubits. Here, the S 2 k operators are obtained by using the formula:
where 1 1 sym = 1 1 − |Ψ − Ψ − | is the identity matrix on a symmetric subspace of two qubits and S 2 k = 1 2 (1 1 ⊗ 1 1 + K ⊗K) (K is k-th Pauli matrix). Using the above defined representation of a spin-1 basis, we can decompose any n-qutrit operator as a symmetric 2n-qubit operator:
where the expansion coefficients are the same as in (6) . So far we discussed the relations between the spin-1 operators, however the transformation rule for states is equally important. Let us denote some fixed qutrit orthonormal basis as {| 0 ,| 1 ,| 2 }. If we map the qutrit operators to symmetric two-qubit operators, the corresponding qutrit basis states are mapped to the basis {e 1 , e 2 , e 3 } consisting of some symmetric states of two qubits. These states have to transform in the same way under the action of corresponding spin operators as the {| 0 ,| 1 ,| 2 }. If we fix the operator representations for {S x ,S y ,S z } = {γ 1 , γ 2 , γ 3 }, the basis for Pauli matrices in (7), and the qutrit standard basis {| 0 ,| 1 ,| 2 }, then the new qutrit basis e i can be derived from the equality of the matrix elements:
Let us now fix the standard representation for Pauli matrices in (7) and the standard qutrit basis for {| 0 ,| 1 ,| 2 }. Then the choice of spin-1 operators in the form (3) implies the following transformation rules for states:| 0 → |00 ,
whereas the choice of the set (4) implies the following:
III. CGLMP BELL OPERATOR IN THE SYMMETRIC TWO-QUBIT OPERATORS REPRESENTATION
The CGLMP inequality in its simplest version [2, 10] is a Bell inequality for two observers A and B, each having two measurement settings {A 1 , A 2 }, {B 1 , B 2 } with 3 outcomes, labeled as {0, 1, 2}. The inequality is originally presented as a constraint on a linear function for two-outcome probabilities [10] :
In the case of classical probabilities (admitting a joint probability distribution) the above value is bounded from both sides as follows [21] :
The effective way to discuss a maximal quantum violation of a Bell inequality by some quantum system is the method of a Bell operator [13] . This method relies on evaluation of the value of the body of a Bell inequality (in our case I 3 (14)) for a given quantum state ρ and given measurement settings {Â 1 ,Â 2 ,B 1 ,B 2 } by the Born rule:
The Bell operatorB can be found by summing the singlerun probabilities:
using the relation P (A = B + k) = 2 j=0 P (A = j, B = j + k mod 3) [2] . The maximal quantum violation of a Bell inequality for a given set of settings equals to the largest eigenvalue of the Bell operator, and the optimal state is its corresponding eigenstate. The CGLMP (14) Bell operator for the optimal settings has the following form [10] : 
The highest eigenvalue of the Bell operator equals 1 + 11 3 ≈ 2.915 and the corresponding eigenstate is:
where a = (|00 +|11 +|22 ) the inequality (15) is violated slightly less: I 3 (|ψ ME ) ≈ 2.873, leading to an inconsistency between maximal quantum entanglement and maximal nonclassicality in terms of violation of the optimal Bell inequality.
In order to resolve the paradox, we transform the Bell operator (18) to spin-1 bases. Using the transformation (6) we obtain the following tensor form of the CGLMP Bell operator:
Note that sinceÃ z is defined as the anticommutator of S x andS y , the above operator is build solely with the spin operators corresponding to x − y plane. Further we transform the Bell operator to the symmetric qubit basis using (10): The above operator as a 4-qubit operator can be now related to known Bell operators for qubit Bell inequalities. Indeed, the first part of the operator (denoted in {} braces) corresponds to Bell operators for CHSH inequalities [13, 16] for all four pairs of qubits, whereas the second part corresponds to a Bell operator of a four-qubit Mermin inequality [17] . The structure of the Bell operator (21) is schematically presented in the Fig. 1 . Since the Mermin inequality is maximally violated by a GHZ state, whereas CHSH inequalities are maximally violated by two-qubit Bell states, one can expect that the eigenvector corresponding to the largest eigenvalue of (21) is a superposition of a GHZ state and two Bell states (due to the monogamy of violation of CHSH inequalities [22] , only two of the four CHSH inequalities, corresponding to separate pairs of qubits, can be violated maximally at the same time):
for which:
It turns out that the quantity (23) is maximized for p max = 1 22 (11 + √ 33) ≈ 0.761, and |ψ(p max ) is a representation of a state (19) , which maximally violates CGLMP inequality, in symmetric-two-qubit basis. Indeed, by taking the set of transformations (12) one easily obtains the state (19) from |ψ(p max ) . The maximally entangled state of two qutrits corresponds via transfor-mations (12) 
The symmetric two-qubit form of a CGLMP Bell operator (21) explains, why the maximally entangled state of two qutrits does not give rise to a maximal violation: the CGLMP inequality is violated by the state from the family (22) , and the optimal p, which maximizes the violation (23), is determined by the structure constants of the operator (21) . In this representation the maximally entangled state of two-qutrits seems to be suboptimal. One additional comment is necessary here. The Bell operator (21) , which represents a CGLMP inequality, does not give rise to a four-qubit Bell inequality. Namely, the corresponding correlation-based Bell inequality for 4 parties, 2 settings and 2 outcomes:
is not violated by any quantum state. Therefore, all the above considerations of the Bell operator (21) within the symmetric-two-qubit representation must be treated as a tool for analyzing the physical properties of qutrits. Finally we show, that the symmetric-two-qubit representation of a CGLMP Bell operator allows for deriving the maximal quantum violation (the Tsirelson bound) from complementarity of quantum correlations. Let us first introduce the following notation:
Then the mean value of the Bell operator (21) reads:
We follow the approach of [18] , in which one finds sets of mutually maximally anticommuting operators. It is shown, that squares of mean values of such operators are upper-bounded by 1 due to the complementarity of correlations. It can be easily shown that the operator sets {α, β, ε}, {α, τ } and {β, τ } are maximally anticommuting, therefore the following constraints are valid:
We add the following constraint:
which follows from the nonnegativity of the expectation value of any projector. Note that the following expression:
is an operator with eigenvalues 4 and 0, therefore it is proportional to a projector. The expectation value of this expression: Π = 1 − ε + 2τ is greater than zero and hence we get (33).
We maximize the mean of the Bell operator under the constraints (32) and (33):
which exactly gives the maximal quantum violation.
IV. MAXIMAL ENTANGLEMENT VS MAXIMAL NON-CLASSICALITY BEYOND CGLMP
The two-qutrit CGLMP inequality [2] found its direct generalization to the case of three higher dimensional parties [3, 23] . Especially interesting is the case of a three-qutrit inequality [3] :
the features of which are very similar to the original CGLMP: it is tight, and its maximal violation of 4.372 arises for a slightly non-maximally entangled state (19) |ψ max = a|000 + b|111 + a|222 ,
where a = (10) . Although the form of the Bell operator in the spin-1 basis is very complicated in this case (see Appendix A), we can easily discuss the form of an optimal state giving the maximal violation in the 6-qubit representation. In full analogy to (22) , the maximally entangled state of three qutrits translates under transformations (12) to:
If we optimize the violation over all possible superpositions of 6-qubit GHZ state and 3 Bell states:
we obtain the maximal value of 4.345 for p ≈ 0.845, which is slightly larger, but still suboptimal. It turns out, that in order to find a maximal violation we have to search over the following family of states:
|ψ(p, θ) = √ p sin(θ)|0 ⊗6 + cos(θ)|1
which is a superposition of a generalized GHZ state (with unequal weights) and the product of 3 Bell states. The maximal violation is attained for θ ≈ 0.870 and p ≈ 0.841, which reproduces the state (37). In this case the interpretation of the optimal form of a 6-qubit equivalent of a 3-qutrit state is not so straightforward as in the case of CGLMP.
V. CONCLUSIONS
In this work we discussed various aspects of a nonclassicality of qutrit states in terms of violation of tight Bell inequalities. We introduced a new method of analyzing the maximal violation of a Bell inequality by transforming its Bell operator to a local basis of symmetric two-qubit operators. In this way the analysis of a Bell inequality for n qutrits is translated into the analysis of a corresponding Bell inequality for 2n qubits. Using this method in the case of a CGLMP inequality we resolved the paradox of a maximal violation by a non-maximally entangled two-qutrit state. Moreover, we were able to derive the Tsirelson bound for the CGLMP inequality solely from the complementarity of correlations, which has never been observed before for correlations between qutrits. the indices is: 1 = X, 2 = Y , 3 = Z) and the identity matrix (index 0). Here, all elements should be normalized by the factor or identity) traveling always together through 2-partite subsystems of indices (it means, that the combination (L, K) is always measured on the first and second, third and fourth or fifth and sixth subsystem respectively).
